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THE PRICING OF QUANTO OPTIONS UNDER THE
DOUBLE SQUARE ROOT SHORT RATE MODEL
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ABSTRACT. We derive a closed-form expression for the price of a Euro-
pean quanto call option when both foreign and domestic interest rates
follow the double square root short rate model.
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1. INTRODUCTION

A quanto is a type of financial derivative whose pay-out currency differs
from the natural denomination of its underlying financial variable. A quanto
option is a cash-settled, cross-currency derivative whose underlying asset
has a payoff in one currency, but the payoff is converted to another currency
when the option is settled. This allows investors to obtain exposure to
foreign assets without the corresponding foreign exchange risk.

Pricing quanto options based on the classical Black-Scholes(1973) [1]
model has a weakness of assuming both constant volatility and constant
interest rates. To overcome such weakness, in valuing quanto options, it
is natural to consider stochastic interest rate or stochastic volatility mod-
els. Despite its importance, not many researches have been done on finding
analytic solutions of quanto option prices under stochastic interest rate or
stochastic volatility models primarily due to the sophisticated stochastic pro-
cesses and inability to obtain the general closed form. However, by assuming
constant interest rates, Giese(2012) [2] provided a closed-form expression for
the price of a quanto option in the Stein-Stein(1991) [5] stochastic volatility
model, and then Lee and Lee(2014) [3] got a closed-form expression for the
price of a European quanto call option in the double square root stochastic
volatility model.

In this paper, we assume the double square root stochastic interest rates
and a constant volatility to obtain a closed-form expression for the price of
a quanto option. Indeed, we use the double square root model which was
introduced by Longstaff(1989) [4] and later modified by Zhu(2000, 2010) [6],
[7] to describe the stochastic processes of both domestic and foreign interest
rates.

We specify dynamics of the processes of underlying asset and short rate
under the quanto measure in Section 2. Then, in Section 3, we drive a
closed-form expression of a quanto option price under the model specified
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in the previous section. We mostly use the same notations as those in [3].
Theorem 3.4 is the main result of the paper.

2. A MODEL SPECIFICATION

For a dividend paying asset with the constant dividend yield ¢ and a
constant volatility og, the process of the asset price S; may be assumed to
be denominated in foreign currency X and to have the following dynamics:

(1) dSt = <\/’f‘g( — q> Stdt +o0s T‘tXStd.B;@X,
(2) dr¥ = k¥ <9X - \/7«5) dt + ¢\ [rXaw @
(3) dr} =K (9‘” —~ ,/J) dt + &\ /ry a2

where B;QX and W,‘QX are two standard Brownian motions under the foreign
risk-neutral probability measure Q¥ , and Wt@y is a standard Brownian mo-
tions under the domestic risk-neutral probability measure QY. Also, r{* and
7"2/ denote the foreign and domestic interest rates, respectively, which follow
stochastic short rate processes of Longstaftf(1989) [4] for the asset price S
with constant parameters x’, #’ and & for each i = X,Y. Since there are
two square root terms in above dynamics, it is referred to as the double
square root process, whose basic features are described in Chapter 3.4 of [7].
To give a closed-form expression, we should add a restriction of parameters
so that 4k%0" = ¢* for each i = X,Y, which is the strong condition to be
able to analytically calculate some special conditional expectation includ-
ing double square roots. This particular meaning is minutely explained in
[4]. In addition, it is assumed that an investor’s domestic currency is Y
and he wishes to obtain exposure to the asset price Sy without carrying the
corresponding foreign exchange risk.

Let ZtY /X denote the price of one unit of currency Y in units of currency

X and Zty /X follows the standard Black-Scholes type dynamics under QX
such as

275 = (X =¥ 2Nt + oux 2 aBR,

~ X
where Bé@ is a standard Brownian motion under Q¥ and opx is the con-

stant volatility of the foreign exchange rate ZtY /X This model allows three
constant correlation p, v and /3 satisfying

dBY aw® = pat, dBY dBY" =vdt, aw® dBY = adt.
Using the change of measure from Q¥ to the domestic risk-neutral proba-
bility measure Q¥ with the Radon-Nikodym derivative
Y .,
& _ e—%agxt—}-OFXB?X’
dQX Fi
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the Girsanov’s theorem implies that the new processes B;@Y., WtQY and EPY
defined by

dBY" = dBY" — vopxdt,
QY QX
dWys =dW,* — Borxdt,
~ QY ~ QX
dBt = dBt + opxdt

are again standard Brownian motions under the domestic risk-neutral proba-
bility measure QY , so called the quanto measure. Thus, the foreign exchange

rate ZtX Y denoting the price in foreign currency X per unit of the domestic
currency Y follows

ZXY = (7Y =) 2} dt + opx 2V aB2

From (1) and (2), we also obtain the following dynamics of S; and r;* under
the quanto measure QY :

(4) dS; = {(1+VO'F)(O'5)\/T£X—(]} Sidt + og TtXStdB;@Y,
(5) dr¥ = &¥ (éX — /¥ ) dt + &5\ /rXdw @

ih 2 X — X X HX — __ kXeX ; . i
with A7 = k7% — fopx¢™ and 67 = 7. We notice that (5) main-

tains the same form as (2) so that 4R%X0X = §X2 also has to be satisfied.

Y
Furthermore, we may assume that two standard Brownian motions WtQ
and WtQY are independent.

3. A CLOSED-FORM EXPRESSION

In this section, by using the model specified in the previous section, we will
drive a closed-form expression for the price of a European quanto call option.
The following three lemmas are about some special conditional expectations
under the quanto measure QY all of which are important ingredients to the
main result of the paper.

Lemma 3.1. Under the assumption of (3), we get the following equality:

©) Eqr {e_ ST Y du ]_-t} — AWT)+BET)rY +C(T)\/rY ,
where
1 KY?
=—"lnyo+ —m— T—t)—(T—t
A T)= -5y + 2677, [tanh {y1 (T" = £)} = (T' = )],
B(t,T) = —:%tanh{wl (T — 1)}
and
4xY sinh? {—Vl(g_t)}
C (tv T) =

2
%y
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with

V2672
‘ v2 = cosh{y1 (T —t)}.

7= 2 )

Proof. Let us define
" (¢, 7“2/) = Egr {e‘ S du

.
Then according to the Feynman-Ka¢ formula, y¥ is the solution of the fol-
lowing partial differential equation:
2 2,Y Y Y
&7 0%y Y (pY 7\ 9y y 0y
S o e (0 V) G = T =0

with the terminal condition

yY (T, s ) =1
Now, putting our solution as the following functional form:

ne (t, rtY) — AWT)+BED)rY +C(T)\/rY

we have the following ordinary differential equations:!:

9A B £Y2 £Y2 ~Y

S BUT) - —Ct, T+ CcwT

5 = BT - g C (T + O (1 T),
Y2

%—fzf%B(t,T)z—i-l,

oc  ¢?

ot _ & Y
5 5 B(t,T)C(t,T)+r" B(t,T)
with terminal conditions
AT, T)=B((T,T)=C(T,T)=0.

By solving these ordinary differential equations, we complete the proof of
the lemma. O

We shall denote the price at time ¢ of a zero-coupon bond in currency Y
that matures a nominal value of 1 at time T" by

PY (t,T) = By [e— S il du ft] .

We call this the T'-(zero-coupon) bond in currency Y. Now, we will compute
the value of a quanto forward contract Eqy [S7|F| from the risk-neutral
valuation method.

Lemma 3.2. Under the assumptions of (4) and (5), we get the following
equality:

Eqv [S7| Fi] = Ste—‘I(T—t)—";?S{rg(MXéX(T_t)}

T
-/ (clrff—H:g rﬁf)du—}—cy%

7

IDue to the restriction that 4i2Y Y = £Y27 the coefficient of TLY vanishes in the calcu-
t

XEQY e

lating course.
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with
posi o = P78
X ¢X

co=—1—vopxos —

Proof. Applying the Itd formula to (4) together with the tower property, we
obtain

Eqv [S7| Fi] = Spe 1T

2 2 v
T foXdu—L2S T ,.X T foX aw @
(7) % ]EQY e(1+uapxas) Jo Vrdu—=—F= [ rifdutpos [ \/r dWy ’]:t:|

where we may write B;@Y as B;QY = thQy + /1 — p?W; with W; being a
Y
QY -standard Brownian motion independent on WtQ . From (5), we have

T v 1 v A T
(8) /t \/rXdWw2 :f_X{TT}{—Tg(—KXHX(T_t)+KX/t rffdu}.

Substituting (8) for (7), we obtain
Eqv [Sr] F] = Stefq(T’t)*%i{f§‘+r%x(5x(T,t)}

T
% EQY |:€f’ (clr,)f+02 rff)du—&-c;;r%( J:t:|
with
2_2 ~ X
_P0g - 1_y __ POSK _ Pos
Cl1 = 2 ’ C2 = I(TFXO'S €X ’ 03 - fX .

]

In addition, we need the following lemma to get the value of Egy [S7| F].
Indeed, this is an identical version of Lemma 3.1 previously introduced in
3]-

Lemma 3.3. Under the assumption of (5) together with constants ci, co
and c3, we get the following equality:
o o [ o

)

]_-t} — (G +H )Y +1(T)/r]

where

A Y2
73— RX 712) (T =) (yay5 — 26542) 73 < 1 1)

2622 26X o

G(t,T)= —%ln'y4+<

2
snh o (7~ 0} {738 #5233 (22)}
26X 3

2y 2ysinh {y (T —t)} + v cosh {1 (T" - t)}
&7 Ty cosh {1 (T = B)} + 1z sinh { (T~ D)}

+

H(t,T)=

and
2sinh { w }

I(t,T)=
X%

)

b

15
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2

n <2RX71 _ 727”3) sinh {’Yl (T —1t) H
M 2

x [(’%X% — 273) cosh {M}

with
V26167 2 N
7= 9 Y2 = *C3§X 3= %
~4 = cosh {v1 (T — )} + 2/% sinh {y (T —¢)}.
Proof. The proof is identical to that of Lemma 3.1 in [3]. O

Using the results obtained in Lemma 3.1, Lemma 3.2 and Lemma 3.3,
we can obtain a closed-form expression for the price of a European quanto
call option. The following theorem is the main result of the paper. For
convenience, we here put the predetermined fixed exchange rate to 1.

Theorem 3.4. Let us denote the log-asset price by xy = InS;. Under the
assumption of (4), the price of a European quanto call option in domestic
currency Y with foreign strike price K and maturity T is given by

CY (t.S) = PY (t,T) {Eqv [Sr| F]| P — KP,},
where Py, Py are defined by
1 1 00 eidﬂan, (d))
Pi=>1_ e Jil9)
=3t ), Re[ i ]dd’
for 7 =1,2, in which

(1+i¢){zt—?—xsrtx— (q+p05€;€#> (T—t)}

(&
fi(o) = o S
X EQY [e i (7n1r§+mz Ti,()du+m3r§ }_t}
with
my = pQ;—?S‘ (1+ip), mo=—(1+1i9) <1 + vopyos 4 png;X> |
ms = ?—XS (1+i¢)
and
R ol G ()
f2(0) = E 5T
x Egy { e ST (mr5 +n2\/ﬁ)du Fnar ]—",}
with
ny = i(ﬁPQQU%, ng = —i¢ <1 T vopxos + pg:),?X> e Zqﬁ%
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Proof. From the risk-neutral valuation method, the price C;/ (t,S;) of a
European quanto call option in currency Y with foreign strike price K and
maturity 7" is given by

CY (t,50) = Egr [ h i max (57 - K,0)| 7] .
For a new risk-neutral probability measure QY, the Radon-Nikodym deriv-
ative of Q¥ with respect to QY is defined by
dQY _ St
dQY  Eqv [Sr|F]
Thus, the price of a European quanto call option can be rewritten as
Cy (t:5) = P¥ (. T) Eqv [Srlisrsry — Klspsry| Fi)
— PY (4, T) {EQY [S7| F]QY (S > K) — KQY (S > K)}
= PY (t,T) {Eqv [S7| F] P, — KP»}

with the risk-neutralized probabilities P and P,. Now, putting x; = In S},
the corresponding characteristic functions f; and fo can be represented as

f1(8) = Egy |7 | 7]
= _IEQY_[Sl_TI e [0 AL
f2 (¢) — ]EQY |:ei¢33T ]."t} .

On the other hand, applying the It6 formula to (4), we have

2
da; = {(1 + vopxos) \Jr¥ — Z8pX q} dt + pogy/rXdW e

2
+ V1 — p2og\/r¥dW,

with W, being a QY -standard Brownian motion independent of Wé@y. From
(8), we obtain

e(l+i¢){m,«,—%§§r§(— <q+ﬂ5?‘§(é—x> (T—t)}

fi(g) = ——
X ]EQy {6_ ftT (mqu),,(+m2 rﬁf)du+m3r7)g }_t]
with
2 2 B
my = %(1—%—2@5)7 me = — (1 +1i¢) <1+VUFXO'S—|—p0;;’: >’
o5 ’
ms = /;—X (1+1i9).

Similarly, we also obtain

X X
w{wn—%iri‘—(ﬁ&%)@—t)}
€

f2 (¢) = EQY [STI Ft]

17
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X EQY l:e_ ftT (n17‘,)f+n2ﬁ)du+n3r¥ ft:|
with
2 2 -
. g ) ot | .

Here, each value of the above risk-neutral expectation was obtained in pre-
vious lemmas.

By having closed-form expressions for the characteristic functions f; and
f2, the Fourier inversion formula allows us to compute the probabilities P;

and P, as follows:
1 1 00 eiéanf,((z))
p=1i,1 i Ao
/ 2+7F/0 Re[ % ]d¢
for j =1,2. |
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